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Abstract: With the rising energy prices and increasing environmental awareness, the energy efficiency of metro transit system
has attracted much attention in recent years. This study proposes a two-step optimisation method to optimise speed profile and
timetable, aiming to reduce the operational energy consumption of metro transit system. First, a coasting point searching
algorithm is designed to reduce tractive energy consumption by optimising speed profile and running time distribution scheme.
Then, a mixed-integer linear programming model is constructed to maximise the overlap time between the accelerating and
braking phases by optimising headway and dwell time, in order to improve the utilisation of regenerative braking energy (RBE).
Furthermore, numerical simulations are presented based on the data from a Guangzhou Metro Line. The results show that the

tractive energy consumption can be reduced by 8.46% and the utilisation of RBE can be improved by 11.6%.

Nomenclature

X train running position, m

t train running time, s

v train running speed, m/s

M mass of train, t

p factor considering the rotating mass
F train traction force, kN

Bg train regenerative braking force, kN

By train air braking force, kN

Wy basic resistance, kN

w; line resistance, kN

J, total tractive energy consumption, kJ

JRrBE « total available regenerative braking energy, kJ
JrBE u  utilised regenerative braking energy, kJ

U utilisation rate of regenerative braking energy
i,j symbol of station

n,m symbol of train

K number of stations

S; position of station i, m

n efficiency of the train motor

Viim speed limit, m/s

T; running time of inter-station [S; S;+1], s

T; total running time, s

Toup total running time supplement, s

D, departure time of train # at station i, s

Ap i arrival time of train # at station 7, s

ta accelerating time of inter-station [S;, S;+1], s
Ipi-1 braking time of inter-station [S;—;, S;], s

oy overlap time, s

Toy total overlap time, s

Ty; dwell time at station 7, s

Tsafe minimum safe headway, s

9,1 logical variables

a,f auxiliary variables

1 Introduction

Metro transit system is developing rapidly because of its enormous
transportation capability and high convenience. However, with the
rising energy prices and increasing environmental awareness, the
huge energy consumption of metro transit system has become a
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non-negligible challenge. Especially, the operational energy
consumption of trains accounts for 50% of the total energy
consumption of the system [1]. Therefore, many researchers pay
attention to reducing the operational energy consumption, among
which energy-efficient train control (EETC) and energy-efficient
train timetabling (EETT) are mainly concerned [1, 2].

EETC aims at calculating the energy-efficient speed profile of a
train journey between two successive stations under pre-given
running time (PRT). The energy-efficient speed profile is
calculated based on train data (e.g. train mass and tractive
characteristics) and line data (e.g. gradient and speed limit), which
are used for finding a driving strategy to reduce the tractive energy
consumption. In 1968, Ishikawa [3] firstly proposed a simplified
train control optimisation problem on a level track and put forward
that the optimal train driving strategy consisted of four phases:
maximum acceleration (MA), cruising (CR), coasting (CO) and
maximum braking (MB). The optimisation model was solved based
on Pontryagin's maximum principle (PMP). The Scheduling and
Control Group of South Australia (SCG) conducted the EETC
research based on PMP [4-6]. Speed limit [4], gradient [5] and
steep gradient [6] were introduced into the EETC problem. On the
other hand, there are many different methods to solve the EETC
problem. Franke et al. [7] developed an energy-efficient speed
profile optimisation model to minimise the tractive energy
consumption. Meanwhile, a discrete dynamic programming
algorithm was proposed to solve the non-linear train control
problem. Wang ef al. [8] transformed the non-linear EETC problem
into a mixed-integer linear programming (MILP) model, in which
the non-linear train model was approximated by a piece-wise affine
model. Zhao et al. [9] proposed an enhanced Brute force searching
method to get the optimal train speed profile, and a field test of the
optimal speed profile was presented. The field test results showed
that, by implementing the optimal speed profile, the tractive energy
consumption can be significantly reduced. Meta-heuristic is also
applied to solve the optimisation problem, such as genetic
algorithm [10] and ant colony optimisation [11]. According to the
short distance between stations and simple line condition of the
metro transit system, the coasting point searching algorithm is
applied to find the energy-efficient driving strategy. Since the train
in the coasting (CO) phase does not consume tractive energy,
adding CO phases into the speed profile is an effective way to
reduce the tractive energy consumption. The key to the coasting
point searching algorithm is to find the starting points of coasting
(CO) phases. Wong and Ho [12] optimised the train driving
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strategy by using appropriate coasting control. The initiating
position of the CO phase was calculated by several searching
methods. Similarly, Chang and Sim [13] proposed an optimisation
method to solve the EETC problem based on the coasting point
searching algorithm, where the genetic algorithm was applied to
find the coasting point. The results showed that the tractive energy
consumption can be reduced by adding CO phases.

Considering the EETC problem of a train journey with multiple
inter-stations (i.e. operating range between two successive
stations), Su et al. [14] analysed the relationships between running
times and tractive energy consumption of each inter-station. An
energy-efficient running time distribution scheme was calculated
based on the relationship to reduce the total tractive energy
consumption of the train journey. The optimisation of running time
distribution scheme is part work of the EETT problem, which aims
to reduce total tractive energy consumption by adjusting running
times. Sicre et al. [15] obtained the relationships between running
times and tractive energy consumption of each inter-station from a
single train simulator. Then, the authors formulated an energy-
efficient timetable optimisation model to distribute running times
according to the relationship. Vandanjon et al. [16] proposed a
method capable of producing a set of running times with associated
tractive energy consumption that can be used to guide the running
time distribution. However, these studies [3—16] ignore the
utilisation of regenerative braking energy (RBE), which takes 33%
of the total tractive energy consumption [17].

The regenerative braking system is widely used in metro transit
system, which can convert the kinetic energy into RBE [1]. The
RBE can be fed back to the overhead contact line, where it can be
consumed by other accelerating trains in the same substation (i.e.
power supply zone). However, if there is no accelerating train, the
RBE will be wasted by resistance. To improve the utilisation of
RBE, most of the studies focus on synchronising the accelerating
and braking phases of trains. Liu et al. [18] developed a
cooperative train control model to synchronise the accelerating and
braking phases of two successive trains. The headway of the latter

Table 1 Literature combining EETC and EETT
Literature Adjusted Objectives Method
timetable
parameters
Li and Lo [23] headway operational GA
energy
consumption
Zhao et al. [24]  headway, operational brute force
running time energy algorithm, GA
consumption
Yang et al. [25] running time operational Taylor
energy approximation
consumption
passenger
waiting time
Gao et al. [26] headway, dwell operational linear
time, running energy programming
time consumption
passenger travel
time
Zhou et al. [27] headway, operational brute force
running time energy algorithm, NS-
consumption GSA algorithm
Su et al. [28] dwell time tractive energy numerical
consumption algorithm,

RBE utilisation bisection method
Ning et al. [22] headway, dwell tractive energy GA, heuristically
time, running consumption iterative algorithm

time overlap time

this paper headway, dwell tractive energy  coasting point
time, running consumption searching
time overlap time algorithm, MILP

GA: genetic algorithm; NS-GSA: genetic annealing algorithm with neighbourhood
search strategy; MILP: mixed-integer linear programming.
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train was adjusted to improve the utilisation of RBE. Albrecht [19]
proposed an approach to adjust the running time for cooperating
the operation of trains. The results showed that the utilisation of
RBE can be improved by adjusting running times, which can
significantly reduce the operational energy consumption of
multiple trains. To simplify the cooperative control model, the
overlap time between the accelerating and braking phases is
investigated for measuring the utilisation of RBE [20]. Then, the
synchronisation of accelerating and braking phases is realised by
maximising the overlap time in [21, 22]. Yang et al [21]
researched the energy-efficient timetable problem to coordinate the
operation of trains. The strategy was to adjust headway and dwell
time to enhance the overlap time between the accelerating and
braking phases.

Combining EETC with EETT, many studies on reducing energy
consumption have been developed. Li and Lo [23] built an
integrated energy-efficient operation model. In their model, the
timetable and the speed profile were optimised jointly taking into
account the headway. The timetabling part of the model tried to
synchronise the accelerating and braking phases of trains in order
to utilise RBE. Meanwhile, the speed profile part optimised the
driving strategy to minimise net energy consumption. Zhao et al.
[24] applied an integrated model for the whole operational day, in
which substation energy supply was reduced significantly by
adjusting running time and headway. The results showed that the
combination of EETC and EETT can reduce more substation
energy consumption compared with EETC. In view of the fact that
passenger service quality is strongly affected by timetable, bi-
objective models are formulated to trade-off energy consumption
and passenger service quality in [25, 26]. Yang ef al. [25] presented
a bi-objective model to determine the energy-efficient timetable
and speed profile for reducing energy consumption and passenger
waiting time. Gao et al. [26] designed a bi-objective model to
trade-off energy consumption and passenger travel time of express/
local stop mode. Owing to the change of onboard passengers, the
variations of train mass was considered in the integrated model
[27]. More related to our work, a two-step optimisation method
considering both the optimisation of speed profile and the efficient
utilisation of RBE was built in [28]. Firstly, the authors designed a
numerical algorithm to calculate optimal speed profiles according
to the PRTs. Then, a cooperative train control model was built to
adjust the departure times of accelerating trains for improving the
utilisation of RBE. Similarly, Ning ez al. [22] proposed a two-step
approach comprising the distribution of running time and the
effective utilisation of RBE. A running time distribution model was
first constructed to distribute the running times of each inter-
stations in order to minimise the total tractive energy consumption.
Then, an RBE utilisation model was obtained by maximising the
overlap time between the accelerating and braking phases of
multiple trains. A comparison between this paper and the existing
literature is given in Table 1. Compared with related studies, the
main contributions of this paper are as follows:

(1) A novel coasting point searching algorithm is proposed to
optimise the speed profiles and running time distribution scheme of
a train journey with multiple inter-stations. CO phases are added
according to the relationship between running time and tractive
energy consumption to reduce the total tractive energy
consumption of multiple inter-stations.

(i1) The calculation of overlap time between two successive trains
is discussed in detail, which is divided into 12 different cases. The
non-linear computational equation of the total overlap time
between multiple trains is transformed into a linear expression by
introducing logical and auxiliary variables, then the model for
maximising overlap time is rebuilt into a MILP model. The MILP
model can be solved more efficiently compared with heuristic
algorithms because the branch-and-bound algorithms implemented
in several existing commercial and free solvers to solve MILP
model (CPLEX Solver in this paper).

The remaining of this paper is structured as follows. In Section 2,
the framework of the two-step optimisation model is illustrated. In
Section 3, the model and algorithm are introduced for minimising
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Fig. 3 Energy-efficient speed profiles and related tractive energy
consumption under different running times

the tractive energy consumption. In Section 4, the MILP model is
proposed to maximise the overlap time between the accelerating
and braking phases. In Section 5, simulations based on a
Guangzhou Metro Line are demonstrated to verify the feasibility of
the two-step optimisation method. Conclusions are given in Section
6.

2 Problem statement

The train operational energy consumption is equal to the tractive
energy consumption minus the utilised RBE, as shown in Fig. 1.
Thus, the total operational energy consumption can be effectively
reduced by minimising the tractive energy consumption and
maximising the utilisation of RBE.

The optimisation of train speed profile is an effective way to
minimise the tractive energy consumption by using energy-efficient
driving strategy. Running time has a significant impact on the
energy-efficient driving strategy [14]. Running time consists of two
parts: minimum running time and running time supplement.
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Running time supplement is the extra running time on top of
minimum running time, which is included in the timetable to
manage disturbances [29]. It is worth mentioning that adding the
same running time supplement into different inter-stations will
cause different reduction of tractive energy consumption [14], as
shown in Fig. 2. Therefore, an energy-efficient running time
distribution scheme can be obtained by adding running time to the
inter-station with a maximum reduction of tractive energy
consumption, which determines the running times of each inter-
station. Meanwhile, the energy-efficient speed profiles of each
inter-station are determined based on the running times.

In another aspect, the utilisation of RBE can be improved by
making more trains accelerating and braking at the same time [20].
This idea can be realised by maximising the overlap time between
the accelerating and braking phases of trains in the same
substation. In addition, adjusting dwell times and headway is an
efficient approach to overlap accelerating and braking phases [22].

A two-step optimisation model is proposed to obtain energy-
efficient speed profile and timetable, as shown in Fig. 1. In step 1,
the speed profile and running time distribution scheme are
optimised to minimise the tractive energy consumption. In step 2,
the overlap time between the accelerating and braking phases is
maximised by adjusting headway and dwell times to improve the
utilisation of RBE.

The main notions used throughout the remainder of this paper
are introduced in Nomenclature section. This paper makes use of
the following assumptions:

(1) In metro transit system, there is no disturbance and all trains
keep their service under the timetable in operation.

(2) The adjustment of running times, dwell times and headway has
no impact on the passenger transport service.

(3) It is assumed that the power supply system is ideal, and the
auxiliary power consumption is assumed to be fixed.

(4) The total running time is constant, which is equal to the travel
time from the starting station to the terminal station minus the total
dwell time.

(5) Overlap time of successive trains in the same direction is
considered. However, the overlap time of trains in the opposite
direction is not discussed in this paper.

(6) The efficiency of the train motor is considered as a constant in
this paper.

3 Minimising tractive energy consumption

In this section, the optimisation of energy-efficient speed profile is
discussed, and the relationship between running time and tractive
energy consumption is analysed. A novel coasting point searching
algorithm is proposed to get energy-efficient running time
distribution scheme and related speed profiles of a train journey
with multiple inter-stations.

3.1 Energy-efficient speed profile

The classic energy-efficient train control strategy always consists
of four phases: MA, CR, CO and MB [3]. Running time is a vital
parameter which influences the combination of these phases [14].
As shown in Fig. 3, when the running time increases, the starting
point of the CO phase moves backwards, and the tractive energy
consumption decreases. Under the condition of the minimum
running time (7}y;,), there is no CO phase in energy-efficient speed
profile. This kind of speed profile is called MaxPow speed profile
with the maximum tractive energy consumption (£},,¢). When the
running time is pre-given, there is a speed profile with the
minimum tractive energy consumption, which can be obtained by
adding CO phases into the MaxPow speed profile [12]. Therefore,
the calculation of the energy-efficient speed profile is about finding
the starting points of CO phases. However, the MaxPow speed
profile will be complex in the condition of low-speed limit and
varying gradient, which makes it difficult to add CO phases to the
MaxPow speed profile. This situation is considered in the proposed
speed profile optimisation method.
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For a train journey with multiple inter-stations, the running
times of each inter-station should be larger than the minimum
running time. Therefore, total running time supplement Ty, is
equal to total PRT minus the sum of minimum running times of
each inter-station, described as

K
Tsup = Tt - 2 Ti,min (1)
i=1

Running time supplement can be added to any inter-station, but the
tractive energy consumption reduction of each inter-station is
different, as shown in Fig. 2. The proposed speed profile
optimisation method can properly distribute the total running time
supplement according to the relationship between running time and
tractive energy consumption, thus reducing the total tractive energy
consumption of the train journey. Meanwhile, the energy-efficient
speed profiles of each inter-station can be obtained.

3.2 Model of minimising tractive energy consumption

The dynamics model of train motion can be formulated as the
following continuous-position equation:

Mp - V% =F(v) — Bp(v) — Ba(v) — Wo(v) — W;(x)
d 1 @
dx ~ v
additionally
Wo(v) = a + bv + ¢’ 3)
Wix) = Mg - 0(x) + F(r(x) “4)
F.(r(x)) =kl/r(x) - M %)

where the coefficients a, » and ¢ depend on the train
characteristics, which can be calculated from experimental data,
O(x) is the slope (%o), F, is the curve resistance (kN), r(x) is the
radius of the curve (m) and the coefficient & depends on the track
gauge.

In regard to a metro line consisting of K+ 1 stations, the
objective function of minimising total tractive energy consumption
can be described as

1100

min J; = i -Ajswl(y)dx 6)

i=1
subject to the following constraints:

0<F(v) £ Fuux(v)

0 < Bg(v) £ Bg.mu(v)

0 < Bs(v) £ Ba.max(V)

0<v< Vi @)
v(S) =0

T in < 1(Siv1) = 1(S) < T max

1Sk 1) —1(S) < T;

where Fyay is the maximum traction force (kN), Bgmax is the
maximum regenerative braking force (kN), B max is the maximum
air braking force (kN), T} iy and T o« are the minimum running
time and maximum running time of inter-station [S; Si1],
respectively, (s).

3.3 Coasting point searching algorithm

In the condition of low-speed limit and varying gradient, the
MaxPow speed profile consists of multiple running processes
starting with accelerating phase and ending with braking phase.
This kind of running process is defined as subinterval, where CO
phase can be added to. According to low-speed limit and varying
gradient, the formation of subinterval can be divided into two
cases, as shown in Fig. 4. In Case A, the braking phase is taken to
meet the constraint of a low-speed limit. Especially, stopping at the
station can be considered as a low-speed limit, which is equal to
zero. In Case B, the braking phase is taken to keep speed when
there is a steep downhill.

To reduce the tractive energy consumption of a train journey
with multi inter-stations, a coasting point searching algorithm is
proposed as follows.

Coasting point searching algorithm:

1. Calculate the MaxPow speed profiles of each inter-station
using a driving strategy combining of MA, CR and MB, in
order to get close to the speed limit.

2. Calculate the minimum running time of each inter-station
T} min and the total running time supplement 7y,

3. Divide the speed profile of the journey into several
subintervals.

4. Add CO phases to each subinterval by temporarily moving the
starting points of CO phases with step Ax backward.

5. Calculate the running time variation At and the tractive energy
consumption variation AE of each subinterval.

6. Choose the subinterval with maximum AE/At and add CO
phase into this subinterval.

7. Update Tgyp as Tsyp = Toup — AL, if Tgyp > 0, return to step 3, else
end.

8. where the calculation of speed profile is based on (2).

In the proposed coasting point searching algorithm, the speed
profile of the journey is divided into several subintervals, as shown
in Fig. 5. The strategy is to add CO phase to the subinterval with
better energy-saving effect. Meanwhile, running time supplement
is distributed to the subinterval with more energy consumption
reduction. Finally, an energy-efficient running time distribution
scheme and related speed profiles can be obtained.

4 Maximising the utilisation of RBE

The overlap time between the accelerating and braking phases of
trains in the same substation is taken as an important indicator to
measure the utilisation of RBE. In this section, the overlap time is
maximised to improve the utilisation of RBE. The model of
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maximising overlap time is built under the constraints of timetable.
In addition, the optimisation model is rebuilt to a MILP model with
the help of logical and auxiliary variables.

4.1 Utilisation of RBE
The available RBE can be calculated as

K Si+ 1
dmea= Y [0 B ®)

i=1

and, the utilised RBE can be calculated as

A / " min [ - Beow(o), F/(oW' (t)/n] e ©)

where F'(t), v'(f) is the traction force and speed of another train
(kN), respectively, then the utilisation rate of RBE can be described
as
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#=Jree_ul IRBE_a (10)

According to (9), maximising the overlap time is an effective
method to improve the utilisation of RBE.

4.2 Overlap time

When trains are accelerating, tractive energy can be provided by
substation or the RBE from other braking trains in the same
substation. Therefore, overlapping accelerating and braking phases
of different trains in the same substation is an efficient way to
make better use of RBE, which can reduce the energy demand from
the substation.

Two successive trains (train m and train n) are used to account
for the calculation of the overlap time between two successive
trains, as shown in Fig. 6. When train #n is accelerating and train m
is braking, the RBE from train m can be utilised by train n. On the
other hand, when train » is braking and train m is accelerating, the
RBE from train » can be utilised by train m. The speed profile will
move parallelly on the timeline by adjusting departure and arrival
times, then the calculation of the overlap time will be different. The
time lengths of accelerating and braking phases are determined in
step 1, thus the overlap time is only influenced by departure and
arrival times. According to the relationship between departure
times and arrival times, the calculation of overlap time can be
divided into two situations, and each situation consists of six
different cases.

Situation A: train n is accelerating and train m is braking, as
shown in Fig. 7. There are six different cases as follows:

Case Al: condition as
Dn'j+l‘a'jSAm_,'—lbﬁ,'_1 (11)
then, the overlap time can be calculated as

toy=0 (12)
Case A2: condition as

Api—tpio1 <Dy j+i,;< Ay
13)
Dy j < Api—1pi
then, the overlap time can be calculated as
toy = (Dn.j+ta,j) _(Am.i_tb,i—l) (14)
Case A3: condition as
Am.i —Ipi-1 < Dn.j + Ia,_/ < Am.i
15)
Ami—thi-1 <Dpj < Ay
then, the overlap time can be calculated as
loy = ta.j (16)
Case A4: condition as
Am,i < Dnj + ta.j
a7
Dn,j < Am,i - tb.i—l
then, the overlap time can be calculated as
Toy = Ipi-1 (18)
Case AS: condition as
Am,i < Dn] + ta,j
19)
Api—thic1 <Dy j < Ay
then, the overlap time can be calculated as
Toy = Am.i - Dn,j (20)
Case A6: condition as
1101
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Ay i < Dy (1)
then, the overlap time can be calculated as
foy =0 (22)

Situation B: train » is braking and train m is accelerating, as shown
in Fig. 8. There are six different cases as follows:

Case B1: condition as
Anji1 £ Dy (23)
then, the overlap time can be calculated as

tow=0 2%
Case B2: condition as

Dm,i < An.j+l < Dm.i + la,i
(25)
Apjir— < Dy
then, the overlap time can be calculated as
toy = An.j+1 - Dm,i (26)
Case B3: condition as
Dm,i < An.j+1 S Dm,i + tu,i
@7
Dypi<Anjir—1pj < Dpit+ity;
then, the overlap time can be calculated as
Iov=1p (28)
Case B4: condition as
Dm.i + ta.i < An,j+1 (29)
An.j+l - tb,j < Dm,i
then, the overlap time can be calculated as
Tov =1 (30)
Case B5: condition as
Dm.i + ta‘i < An,j+1
(3D
Dm,i < An,j+l - tb.j < Dm,i +lai
then, the overlap time can be calculated as
foy = (Dm,i + ta,i) - (An,j+l - thj) (32)
Case B6: condition as
Dyititai<Anjer—1p (33)
then, the overlap time can be calculated as
tow =0 (34)

4.3 Model of maximising overlap time

The above cases analysis shows that the overlap time is determined
by departure and arrival times. Thus, departure and arrival times
are taken as decision variables to build the model of maximising
overlap time. Departure and arrival times should meet the
constraint of running times determined in step 1, and the
constraints of headway and dwell times. When the timetable of
train m is pre-given, where m=n—1, the objective function of
maximising overlap time between train m and train n can be
described as

max Ty, = Ztov (35)

1102

subject to following timetable constraints:
(1) the constraint of departure time at the starting station

Dn,Lmin < DVLI S Dn,Lmax (36)

(2) the constraint of dwell times at middle stations

T4 jmin < Dpj—An ;i < Td jimwo J=2,...,K—1 37
(3) the constraint of running times of inter-stations

Apj=Dnj =T, 5, j=2,...K (38)
(4) the constraint of arrival time at the terminal station

An,K,min < An,K < An,K,mux (39)
(5) the constraint of minimum safe headway

Dn,j - Dn— 1.j > Tsafe

,j=1,..,N (40)

An,j - An— Lj b Tsafe
where D, min and Djj,max are the minimum and maximum
departure time of train » at the starting station, T min and Tqjmax
are the minimum and maximum dwell time at the station j, Ag
+1,n,min a0d A1 4 max are the minimum and maximum arrival time
of train n at the terminal station. In addition, only the overlap time
between the accelerating and braking phases of trains in the same
substation is considered.

4.4 Rebuild to MILP model

According to the linear characteristic of constraints (36)—(40), we
plan to rebuild the model of maximising overlap time into a MILP
model. However, due to the 12 cases in the calculation of overlap
time, the objective function (35) is non-linear. In order to fit the
framework of MILP model, logical and auxiliary variables are
introduced to linearise the objective function (35). The linearisation
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Fig. 8 Sketch of the overlap time of the situation that train n is braking
and train m is accelerating
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of the overlap time of Situation A is used to explain the
transformation process.

Logical variables J;(j), d2(j), 03(j) and d4(j) are introduced to
distinguish the relationship between the departure time of train n
and the arrival time of train m, defined as

[ [Ani = tpi-1 < Dy jl & [6:()) = 1] @1
[Dyj < Api—1pi] & [6()) =0]
[ [Dn,j+ la,j < Aml] < [62(]) =1]
. (42)
[Amt < Dn,j + ta,j] d [52(]) =0]
[ [Ami —tpi-1 < Dn,j + la,j] < [53(.]) =1] (43)
[Dyj+14; < Api—thi-1] © [6() = 0]
[Dyj < Apil © [64)) = 1]
. (44)
[Dy,j < Apil & [64)) = 0]

The above logical conditions can be rewritten as the form of
inequalities [30]. For example, the logical condition (41) can be
rewritten as

(Ami = thic1 = Toa)01() + Dy j S A — i1
(45)

(Am‘i - tb,i—l +ée— Tmin)ﬁl(j) - Dn,j < - Tmin

where Ty, is the minimum value of D, j, Tinax is the maximum
value of D,;, ¢ is a small positive value to transform a strict
inequality into an inequality. Logical conditions (42)—(44) can be
rewritten in the same way as inequality (45). Furthermore, with the
help of logical variables, the overlap time ¢, of Situation A can be
described as

loy = 636.[6:(Dy, j + 1o, ) + (1 = 8) Ay, ;

(46)
_51Dn,j -(1- 51)(Am.i = tpi-1)]

However, there are products of two logical variables in (46), like
0304, and products of logical variables and decision variable, like
030402D,,j, which are not suitable for the framework of MILP
model. By defining auxiliary variables to replace these products,
the non-linear equation (46) can be transformed into a linear
equation. For the product J3d4, auxiliary variable d5=dJ304 is
introduced, defined as

—5+8,<0
—5,+8,<0 (47)
S+8,—-8<1

Similarly, variables d¢=01J5 and d7=0,05 can be defined in the
same way as (47). Meanwhile, for the product oy = dgD,, ;, auxiliary
variable ¢ is introduced, defined as

T+, Z0

Toin0s —y <0

—Twi0s+a — D, i < — Toin
Toixbs — a1 + Dy i < Thax

(48)
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Similarly, auxiliary variable a = d7D,,; can be defined in the same
way as (48). Then, the overlap time ¢, can be described as a linear
function

Loy = tp,i- 155 + (Amz - tb.i— 1)56 + (ta,j - Amz)67 -t (49)

Similarly, logical variables #1, #2, #3, 14, 115, 16, #7 and auxiliary
variables f; f, are introduced to linearise the overlap time #,, of
Situation B. Then, the overlap time ¢, of Situation B can also be
described as a linear function

toy = a,ills + (Dm.i + lb,j)”]ﬁ + ( - Dm.i - laj)rh - ﬂl + ﬁz (50)
With the help of logical and auxiliary variables, the model of

maximising overlap time can be rebuilt to a MILP model. Some
decision variables are defined as

D, A, o(1) a(1)
D. A 6,2 2
D= 'z’ A= .3 L5 = 1(.)’ 1_051?)
Dy Ak 1 61(K) a(K)

and, other logical and auxiliary variables can be defined in the
same way as the definitions of J; and a;, respectively.
Furthermore, the decision matrix of the MILP model can be

defined as
X = [D'A"s! 8] aladnl -l BT A"

then, the MILP model of maximising overlap time can be obtained
as

min CX 51
subject to

MX <m, (52)

MX =m, (53)

where the objective coefficient C can be defined according to (49)
and (50), inequality constraints coefficient M; and m; can be
defined according to (36), (37), (39), (40), (45), (47) and (48), and
equality constraints coefficient M, and m, can be defined
according to (38).

The MILP model can be solved by branch-and-bound
algorithms implemented in several existing commercial and free
solvers. In this paper, CPLEX solver is used to solving the MILP
model.

5 Simulations
5.1 Simulation parameters

A Guangzhou Metro Line is involved in the simulations. The metro
line consists of 24 stations and 10 substations, the layout of stations
and substations is shown in Fig. 9. Speed limit and change of
gradient are shown in Fig. 10. Temporary and permanent speed
limits are both considered. PRTs of each inter-station are shown in
Table 2, and pre-given dwell times are shown in Table 3. The train
running in the metro line is A-type EMU with the mass of 339.6 t,
the factor considering the rotating mass is 0.08, the efficiency of
the train motor is 0.85. The maximum traction force is described as
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Fig. 10 Speed profiles and change of gradient

Table 2 Running times of PRT and ORT (s)

Starting station 81 82 83 S4 85 86 87 88 Sg 810 811 812
PRT 77 135 140 80 138 65 119 66 65 74 71 97
ORT 73 135 141 80 139 68 153 67 66 73 71 85
Starting station 313 S14 315 816 317 818 319 820 321 822 323
PRT 67 64 77 82 87 117 69 80 95 92 100
ORT 65 66 74 86 85 119 Il 77 88 83 92

Table 3 Dwell times of four timetable plans (s)

Timetable type Train 32 33 S4 35 SG S7 Sg Sg 310 811 312
PSP/OSP-PT the second 30 31 39 34 36 33 45 53 42 37 39
the third 30 31 39 34 36 33 45 53 42 37 39
PSP-OT the second 36 37 31 27 29 26 36 42 34 41 47
the third 36 26 31 27 29 26 54 47 34 30 31
OSP-OT the second 24 26 31 27 29 26 36 42 44 44 47
the third 24 35 31 27 35 40 36 42 34 30 31
Timetable type Train 813 814 815 816 817 818 819 820 821 822 823
PSP/OSP-PT the second 56 38 36 64 41 39 32 41 42 41 44
the third 56 38 36 64 41 39 32 41 42 41 44
PSP-OT the second 67 33 43 51 39 47 38 41 50 49 35
the third 45 46 38 51 49 47 38 49 50 49 35
OSP-OT the second 67 46 43 51 33 31 29 49 50 46 35
the third 58 46 43 51 33 31 33 49 34 48 40
(54). The maximum regenerative braking force is described as (55). 400 0<v<40
Thg: maxim}lm air braking is 400 kN, for 0 <v<S5 km/h. The basic Fou(v) = | 1600/v 40 <v <55 (54)
resistance is described as (56), and the parameter £ is 6.38.
Simulations are tested under the MATLAB environment on a 88, 000/v’55 < v < 80
computer with Intel Core i5 2.30 GHz CPU and 8 GB RAM, and
the MILP model is solved by using CPLEX Solver 12.6. 0 0<v<3
1945(v-3) 3<v<5
Benn(V) =1 359 5<v<485 (53)
913,953/v* 485 <v <80
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Wo(») = 9.067 +0.0173v* (56)

5.2 Simulation of speed profile optimisation

In this simulation, the speed profile of an inter-station with steep
downhill and low-speed limit is optimised by the proposed coasting
point searching algorithm. Meanwhile, the influence of the value of
parameter Ax is analysed. Two optimal speed profiles are discussed
in this simulation, as follows:

* OSP (Ax=1 m): optimal speed profile with Ax=1 m;
* OSP (Ax =10 m): optimal speed profile with Ax=10 m.

The speed limit and change of gradient of the inter-station are
shown in Fig. 11. The MaxPow speed profile, OSP (Ax=1 m) and
OSP (Ax=10m) are shown in Fig. 11. The performance of two
optimal speed profiles is shown in Table 4. As shown in Fig. 11,
the speed profile of the inter-station is divided into three
subintervals, where THE CO phases are added to. The formulation
of the first subinterval is due to the steep downhill. The
formulation of the latter two subintervals is due to the low-speed
limit. According to the performance of two optimal speed profiles,
the starting positions of CO phases are different due to the different
value of Ax. The running times of two optimal speed profiles are
all meet the constraint of the PRT, and the running time of OSP
(Ax=1m) is closer to the PRT. Furthermore, the tractive energy
consumption of OSP (Ax=1 m) is lower compared with OSP (Ax
=10 m). The computing time of OPS (Ax =10 m) is lower than the
computing time of OPS (Ax=1 m). However, the calculation only
needs to be offline in this paper, thus Ax is set to 1 m, which can
make the speed profile optimisation more energy-saving.

5.3 Simulation of minimising tractive energy consumption

In this simulation, the speed profiles and running time distribution
of the metro line are optimised by the method proposed in step 1.
Firstly, the speed profiles of each inter-station are optimised with
the PRT distribution scheme. Secondly, the speed profiles and
running time distribution scheme are optimised jointly. Meanwhile,
the practical speed profiles (PSPs) with PRT distribution scheme
are introduced to compare with the optimisation results. Three
different operation plans are discussed in this section, as follows:

¢ PSP-PRT: PSPs with PRT distribution scheme.

e OSP-PRT: PSPs with PRT distribution scheme.

* OSP-ORT: PSPs with optimal running time (ORT) distribution
scheme.

Speed profiles of three operation plans are shown in Fig. 10. Total
running times and tractive energy consumption of three operation
plans are shown in Table 5. PRT distribution scheme and ORT
distribution scheme are shown in Table 2. As shown in Fig. 10,
optimal speed profiles meet the constraint of speed limit. For the
PSP, the CO phases are also added into the driving strategy, like the
speed profile of the inter-station [S}s, Sj¢]. With the application of
the proposed coasting point searching algorithm, the total tractive
energy consumption of OSP-PRT is reduced by 6.16% compared
with PSP-PRT. In addition, when the optimisation of running time
distribution is considered, the total tractive energy consumption of
OSP-ORT is reduced by 8.46% compared with PSP-PRT without
changing the total running time. The energy-saving effect is
improved by 2.30% comparing OSP-PRT with OSP-ORT, which
implies that the optimisation of running time distribution scheme
can further reduce tractive energy consumption.

5.4 Simulation of maximising overlap time

In this simulation, the timetable of three trains is optimised by the
method proposed in step 2. The pre-given headway of trains is 200
s. The fluctuating value of departure time at the starting station is
set to 40s, ie. Diymax=D1,+20, Diymin=Di1,-20. The
fluctuating value of dwell time is set to 20 s, i.e. Ty max = Tq,; + 10,
T4jmin=Tg;- 10 for j=2,....,K-1. The fluctuating value of arrival
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Table 4 Performance of two speed profiles of the inter-
station

Speed profile type

OSP (ax=1) OSP (Ax=10
m)

starting position of CO phases, m 373, 924, 1689 371, 939, 1690

running time, s 122.99 122.98
tractive energy consumption, 32.54 32.57
kWh

computing time, s 3.74 0.40

where the PRT is 123 s.

Table 5 Total running times and total tractive energy
consumption of three operation plans

Operation plan Tr. s Jt, KWh
PSP-PRT 2057 655.17
OSP-PRT 2057 614.84
OSP-ORT 2057 599.73

time at the ending station is set to 40's, i.e. Ak, max =4k, + 20,
Axpmin=Ax+1,, — 20. The minimum safe headway is 90s.
Running times and time lengths of accelerating and braking phases
are determined based on the practical and optimal speed profiles in
step 1. The first train departs from the starting station at the
moment 0 s, and the departure and arrival times of the first train are
determined based on the pre-given timetable. The departure and
arrival times of the second train and the third train are optimised
with the help of the proposed method. Four different timetable
plans are discussed in this simulation, as follows:

* PSP-PT: PSP with pre-given timetable.

e PSP-OT: PSP with optimal timetable, where dwell times and
headway are optimised.

* OSP-PT: optimal speed profile with pre-given timetable, where
speed profile and running times are optimised.

e OSP-OT: optimal speed profile with optimal timetable, where
speed profile, running times, dwell times and headway are
optimised.

Dwell times of four timetable plans are shown in Table 3. Headway
and overlap times of four timetable plans are shown in Table 6.

Energy consumption of three timetable plans is shown in Table 7.

The optimisation results show that the total overlap time of PSP
can be improved by 69.78% comparing PSP-PT with PSP-OT, and
the total overlap time of OSP can be improved by 121.34%
comparing OSP-PT with OSP-OT. The improvement of the overlap
time is realised by adjusting headway and dwell times without

1105

Authorized licensed use limited to: SOUTHWEST JIAOTONG UNIVERSITY. Downloaded on September 05,2020 at 02:39:10 UTC from IEEE Xplore. Restrictions apply.



Table 6 Overlap times and headway of four timetable plans (s)

Timetable type Overlap time Headway
The first and second train The second and third train Total The first and second train The second and third train
PSP-PT 122.6 122.6 245.2 200 200
PSP-OT 233.8 182.5 416.3 218 220
OSP-PT 88.1 88.1 176.2 200 200
OSP-OT 197.0 193.0 390.0 220 210

Table 7 Energy consumption performance of four timetable plans, kWh

Timetable type Available RBE Utilised RBE Utilisation rate of RBE, %

Total tractive energy Total operational energy

consumption consumption
PSP-PT 1080.81 312.35 28.9 1965.51 1653.16
PSP-OT 1080.81 436.65 40.4 1965.51 1528.86
OSP-PT 1019.64 261.03 25.6 1844.52 1583.49
OSP-OT 908.01 337.78 37.2 1799.19 1461.41

changing running time or speed profile. The increase in the overlap
time improves the utilisation of RBE. The optimisation results
show that the utilisation rate of RBE of PSP can be improved by
11.5% comparing PSP-PT with PSP-OT, and the utilisation rate of
OSP can be improved by 11.6% comparing OSP-PT with OSP-OT,
which implies that the method proposed is effective to make better
use of the RBE. Meanwhile, the total train operational energy
consumption is reduced effectively as shown in Table 7.

5.5 Feasibility of optimisation results

The optimisation results demonstrate that the proposed methods
can reduce the operational energy consumption of metro transit
system effectively. In addition, the optimisation results can be
applied in practical operation.

Firstly, the optimal speed profiles meet the constraint of speed
limit, which ensures the safety of operation, as shown in Fig. 11.
Meanwhile, when the running time of the inter-station is given, the
optimal speed profile can meet the constraints of running time,
which ensures the punctuality of operation, as shown in Table 4.
Therefore, the optimal speed profile calculated by the proposed
coasting point searching algorithm can be applied in practice.

Secondly, for each inter-station, the running times of the
running time distribution scheme are all bigger than the minimum
running times. Meanwhile, the adjustment of departure and arrival
times is under constraints (36)—(40), which keeps headway and
dwell times within reasonable bounds. Therefore, the optimal
timetable is appropriate and acceptable in practice.

6 Conclusion

In this paper, a two-step optimisation method is proposed to reduce
tractive energy consumption and improve the utilisation of RBE. In
step 1, energy-efficient speed profiles and running time distribution
scheme are jointly optimised by a novel coasting point searching
algorithm in order to reduce tractive energy consumption. In step 2,
the overlap time between the accelerating and braking phases is
introduced to measure the utilisation of RBE. A timetable
optimisation model is built to maximise the overlap time by
adjusting headway and dwell time. Meanwhile, a timetable
optimisation model is rebuilt into a MILP model, which can be
solved efficiently by CPLEX Solver. Based on practical data from
a Guangzhou Metro Line, some numerical simulations are
performed to demonstrate the effectiveness of the presented
method. The results show that the total tractive energy
consumption can be reduced by 8.46%, and the utilisation of RBE
can be improved by 11.5 and 11.6% for PSP and optimal speed
profile, respectively. Therefore, the proposed two-step method can
reduce the operational energy consumption of metro transit system
effectively by optimising speed profile and timetable.

Even though the proposed two-step optimisation method is
proven to be efficient in the numerical simulations, optimisation
results from the proposed method are suboptimal. In future work,
speed profile and timetable should be optimised simultaneously to
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get the global optimal solution, and the coordination of trains in the
opposite direction should be considered. On the other hand, the
utilisation of RBE is roughly measured by the overlap time, which
is imprecise. The model of the power supply system should be built
to measure the utilisation of RBE more precisely.
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